CHMMC 2015 Individual Round Problems

November 22, 2015

Problem 0.1. The following number is the product of the divisors of n.
9633

What is n?

Solution 1. .

In general, the product of the divisors of n is n# of dwisorsofn 19 — 923 p4s 6 divisors, and
(223)3 = 2633,

Problem 0.2. Let a right triangle have the sides AB = \/g, BC = \/i, and CA =1. Let D
be a point such that AD = BD = 1. Let E be the point on line BD that is equidistant from D
and A. Find the angle AEB.

Solution 2. .

Since D is equidistant from points A and B, it is on the perpendicular bisector of AB. In
particular, if M is the midpoint of AB, then MAD is a right triangle with side length AM =
V3/2 and hypotenuse AD = 1. This means that MAD is a 30° — 60° — 90° triangle. By the
same reasoning, BM D is also a 30° — 60° — 90° triangle.

Then since E is on line BD, we see that ZADE = 180° — ZADM — /BDM = 60°. Now note
that since E is on the perpendicular bisector of segment AD, if N is midpoint of AD we find
that both DEN and AEN are 30° — 60° — 90° triangles. Thus we find that /AEB = .

Problem 0.3. There are twelve indistinguishable blackboards that are distributed to eight dif-
ferent schools. There must be at least one board for each school. How many ways are there of
distributing the boards?

Solution 3. .
Since each school automatically gets assigned at least one board, the problem is equivalent to
the number of ways to distribute (12 — 8) = 4 boards among eight schools. By stars and bars,
e 8+4-1 11
this is just ( 4 ) = (4) = 330.
Problem 0.4. A Nishop is a chess piece that moves like a knight on its first turn, like a bishop
on its second turn, and in general like a knight on odd-numbered turns and like a bishop on
even-numbered turns.
A Nishop starts in the bottom-left square of a 3 x 3-chessboard. How many ways can it travel
to touch each square of the chessboard exactly once?



Solution 4. . There is full choice in the first two moves, and then every move is forced.
Observe that the last move must be from a corner square to the center.

Problem 0.5. Let a Fibonacci Spiral be a spiral constructed by the addition of quarter-circles
of radius n, where each n is a term of the Fibonacci series:

1,1,2,3,5,8,...

(Each term in this series is the sum of the two terms that precede it.) What is the arclength
of the mazimum Fibonacci spiral that can be enclosed in a rectangle of area 714, whose side
lengths are terms in the Fibonacci series?

Solution 5. .

The rectangle has dimensions 34 - 21. Therefore, the largest quarter circle inside of it has
radius 21. The combined arclength is
T

2(1+1+2+3+5+8+13+21):.

Problem 0.6. Suppose that a1 =1 and
2 4 2

an+1 = Gn —

n+2 n+l n

What is a5 ?

1
120 |
Telescoping, we see that

Solution 6.

2,2 2 2
an=0a1 — -+ -+ ——
e T SR T |

1
120 |

2n+1)—2n 2
n(n+l) = n(n+l

Therefore, a, =

) S0 a15 =

Problem 0.7. Consider 5 points in the plane, no three of which are collinear. Let n be the
number of circles that can be drawn through at least three of the points. What are the possible
values of n?

Solution 7. |{1,7,10} . Any three points define a unique circle. We have three cases:

e All points are on the same circle

e Four points are on one circle with the last point off the circle. Any set of two points on
the main circle forms a unique circle with the last point, so there are 1 + (3) =7 circles.

e No more than 3 points lie on the same circle. Any set of three points forms a unique

circle, so there are (g) = 10 circles.

Problem 0.8. Find the number of positive integers n satisfying |n/2014| = |n/2016].

Solution 8. [ 1015055 |.

Suppose n is such an integer, and let k = |n/2014| > 0. Then we have n = 2014k + = =
2016k + y, for some 0 < x < 2013, 0 < y < 2015. It follows that 2k = x — y, and since
r—y < x < 2013, we must have 0 < k < 1006, and 2k < x < 2013. To show that these



conditions are sufficient, let (k,x) be a pair with 0 < k < 1006 and 2k < = < 2013. If we
take n = 2014k + x, and y = x — 2k (so 0 < y < 2013 — 2k < 2015), we have [n/2016] =
|k + (y/2016)] = k = |k + (2/2014)] = [n/2014], so n satisfies the given condition. Thus
n satisfies the condition if and only if the associated pair (k,x) satisfies the given bounds.
For a given k there are 2014 — 2k wvalues of x satisfying the bounds, so there are a total of
,1;):0(?(2014 —2k) = 1007(1008) = 1015056 pairs. However, this counts the pair (0,0), which is
associated with n = 0, so the number of positive n satisfying the condition is 1015055.

Problem 0.9. Let f be a function taking real numbers to real numbers such that for all reals

x # 0,1, we have
f(a;)+f<1_1x> :(2a:—1)2+f<1—91:>.

Compute f(3).

113
9 I

Notice that the map z — 1 — % — ﬁ — x permutes three terms of our equation.

fa@f (25 ) -7 (-3 ) = o2
1 1 1 2
1(-3) () = (20-5) )
Adding the two equations, we see that f satisfies

2f (x) = (22 —1)% + <2 <1— i) —1)2

Then f(3) = $(25+ &) = 112

Solution 9.

Problem 0.10. Alice and Bob split 5 beans into piles. They take turns removing a positive
number of beans from a pile of their choice. The player to take the last bean loses. Alice plays
first. How many ways are there to split the piles such that Alice has a winning strateqy?

Solution 10. . Bob wins when there are 5 separate piles and Alice wins in every other
configuration. There are 6 such configurations with apositive number of piles. 5 was also an
accepted answer, which results if “piles” is interpreted to mean “at least two piles”. To check
that these positions are winning for Alice, we can use the following principle: In general, a
position is a first player win if and only if the first player can move to some second-player win
position.

A position in this game is a second player win if it consists of an odd number of piles of one
bean. A one-pile position is a first player win if it has strictly more than one bean.

Problem 0.11. Triangle ABC' is an equilateral triangle of side length 1. Let point M be the
midpoint of side AC. Another equilateral triangle DEF, also of side length 1, is drawn such

that the circumcenter of DEF is M, point D rests on side AB. The length of AD is of the
a+vb

c

form , where b is square free. What is a + b+ c?



Solution 11. .

MD is a radius of triangle DEF and has a length of % Since M is the midpoint of AC', AM
has a length of % Let the length of AD be x. By the law of cosines,

()i~ ()

We can reduce the expression to a quadratic

1 1
R —

2 12

Sox = 3%‘45 and the answer is 3 + 21 + 12 = 36.

Problem 0.12. Consider the function f(z) = max{—11lz — 37,2 — 1,92 + 3} defined for all
real x. Let p(x) be a quadratic polynomial tangent to the graph of f at three distinct points with
x values t1,ts, and t3. Compute the maximum value of t1 + to + t3 over all possible p.

27
=1
Since a parabola can only be tangent to a single line at at most one point, we see that p must
be simultaneously tangent to the lines y = —11z — 37,y = x — 1, and y = 9x + 3. If we let p(x)
have leading coefficient a, we find

Solution 12.

p(z) — (—11z — 37) = a(x — t1)?
pe) — (z—1) = alx — t)?
p(x) — (92 +3) = a(z — t3)?

Subtracting the second equation from the first, we end up with
122 4+ 36 = a(tg — t1)(2x — 11 — tz).

Equating coefficients, we have

12 = 2&(752 - tl)
36 = —a(tz — tl)(tl + tg).

Dividing the second equation by the first and simplifying yields

t1 +ty = —6.
We can similarly find that

to +t3 = —1
and

ts +t1 = —20.
Thus

t1 +to +t3 = —27/2.

Problem 0.13. Circle J; of radius 77 is centered at point X and circle Jo of radius 39 is
centered at point Y. Point A lies on J1 and on line XY, such that A and Y are on opposite



sides of X. € is the unique circle simultaneously tangent to the tangent segments from point A
to Jo and internally tangent to Ji. If XY = 157, what is the radius of Q7

Solution 13. . Set the point C as the center of circle Q). Draw perpendicular CD and Y E to
AFE where E is the tangent point of circle Y. We also know that points A, X, C,Y are colinear.
We have NACD ~ NAY E. Thus, we have % = % and thus %—QD = 15425401). Solving gives
us CD = 22.

Problem 0.14. Find the smallest positive integer n so that for any integers ai,as,...,ass7,
the number

527 527

[Los |- {>a

j=1 j=1

is divisible by 527.

Solution 14. The answer is .

First let’s show that the above quantity is divisible by 527 if n = 240. Note that 527 = 17 - 31
and so we need to check divisibility by 17 and 31. For 17, notice that if any of the a; are divisible
by 17 we’ll be done (as then H?Z a; will be as well). Otherwise, each of the a;’s is nonzero and

therefore a2*9 = (a]l6

; )% =1 (mod 17) by Fermat’s little theorem. The same reasoning applies
for 31, except now we use the fact that 301240 rather than 16]|240.

To show that no possible value of n less than 240 can work we construct a counterexample.
Letaj =1 for 1 < j < 527, and take asor = g where g is simultaneously a primitive root modulo
17 and 31 (such a residue exists by the Chinese Remainder Theorem). Then the only way the
given quantity vanishes simultaneously modulo 17 and 31 is if g" = 1 (mod 17) and ¢g" =
(mod 31). Since g is a primitive root both these primes, we need 16|n and 30|n. Thus 240|n, so

that n > 240 is forced, a contradiction.

Problem 0.15. A circle Q of unit radius is inscribed in the quadrilateral ABCD. Let circle wa
be the unique circle of radius r4 externally tangent to 2, and also tangent to segments AB and
DA. Similarly define circles wg,wc, and wp and radii rg,rp, and rp. Compute the smallest
positive real X so that ro < A over all such configurations with ra > rg > rc > rp.

1
Solution 15. .

Let 04,0p,00,0p be as shown in Figure 1. Then as shown in Figure 2, similar right triangles
give %f:g‘ =secly, sorg=1— ﬁ, and the analogous equality holds for B,C,D. 1+ sec
is increasing for 6 in [0,7/2), so ﬁ is decreasing for 0 in this interval, and thus 1 — lﬁ%
18 increasing in this interval. It follows that order is preserved, i.e. 04 < Op if and only if
1-— m <1-— ﬁ, meaning 14 < rg. Then we have that ro > rg > rc > rp if and
only if 04 > 0p > 0c > Op. Assuming this inequality holds, we have 30c < 04 + 0p + 0c <
s+ 0p+0c+0p =m, sobc <w/3. Forall @ < /3, we can construct a quadrilateral with
Oc = 0, specifically by taking 04 = 7/3 —¢/3,0p = /3 — 2¢/3,0c = w/3 — e,0p = 2¢, where
e =7/3—0. It follows that 0 = 7 /3 is the smallest positive real 6 such that 0c < 0 over all
configurations. Since 1 — H_Sﬁ is a strictly increasing continuous function of 6 on [0,7/2), we

have that A =1 — m = 1/3 is the desired value.







